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A physical model is proposed for loose mater ia l  as a discrete  stat is t ical  system, and the 
phase pa ramete r s  of the propert ies  of the sys tem are  analyzed. The rupture res is tance  
of loose mater ia l  is considered as a function of its packing density. 

Loose mater ia ls  occupy a prominent place among other mater ia ls  commonly processed in various 
branches of the popular economy. 

It is therefore  an important  mat te r  to study the physicomechanical  proper t ies  of loose mater ia ls  
which a re  required in engineers '  calculations. Up to the present  t ime however, most  of the resul ts  pub- 
lished on this subject have lacked any indication of the range of applicability of the experimental  data for  
var ious conditions of existence of the loose material .  In recent  years  questions have frequently a r i sen  as 
to the manner in which the physicomechanical  proper t ies  of loose mater ia ls  depend on their leading pa ram-  
e ters ,  such as the packing density, the granulometr ic  composition, the granulomorphological  charac -  
te r i s t ics ,  and so on. 

The representa t ion of loose mater ia l  as  a continuous medium has, under cer ta in  c i rcumstances ,  
provided data approximately describing the static proper t ies  on the basis of the analytical methods de- 
veloped for continuous media. 

However, theories based on this concept a re  unable to explain dynamic effects. Dynamic problems 
occupy a major  position in the major i ty  of p rocesses ,  and, as before, these have to be taken into account 
by introducing a ser ies  of experimental  coefficients. 

This occurs  because existing theories  take no account whatsoever  of the fundamental property of a 
loose mater ia l  - its d iscre te  nature. 

Only a physical model of a loose mater ia l  based on its d iscre te  s t ruc ture  can give a proper r e p r e -  
sentation of real  processes .  Under cer tain conditions, the discrete  s t ruc ture  of loose mater ia l  allows 
a t ransi t ion to continuity to be made. This t ransi t ion is an exception and not a rule; it is not general ,  but 
peculiar to the loose mater ia l ,  and has to be derived f rom the general  solution. 

Loose mater ia l  is a special var ie ty  of a d iscre te  s tat is t ical  system, subject to the following condi- 
tions: there exists a cer ta in  minimum elementary volume below which the physical sense of the existence 
of the loose mater ia l  loses its meaning; there exists a maximum volume (determined by the height and 
width of the vessel) above which loose mater ia ls  acquire  the propert ies  of a quasicontinuous medium. 

At a specified height of a loose layer,  only a finite number of par t ic les  may exist. Between neigh- 
boring layers  of loose par t ic les  there is a minimum difference of potential energies.  The discre teness  of 
the loose mater ia l  determines  the d iscre te  charac te r  of the potential energy spect rum with respec t  to the 
height of the layer.  

For  a layer of loose mater ia l  we have the relation 

Al AP .~< H. (1) 
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Fig. 1. Fundamental  pr in-  
ciples of the physical model 
of a loose mater ia l .  

TABLE 1. Charac ter i s t ics  of a Statistical A s s e m -  

bly 

Serial 
No. 

1 

2 

3 

4 

5 

Parameters 

Packing density 
Ratio of the height H of the 

loose material to the width 
D of the vessel 
?eeific gravity 

Granulometry and granulo- 
morphology 

Frictional couplings at the 
surface of the particles 

Characteristics of the 
statistical assembly deter- 
mined by the parameter 

Mobility of the particles 
Degeneracy energy 

Gravitational force 

Minimum quantum of 
potential energy 

Magnitude of the frictional 
forces 

Condition (1) l imits the range of applicability of the concepts 
stacking density, p ressu re  in the loose mater ia l ,  and so on. 

In s ta t ics ,  the part icles of a loose mater ia l  tend to occupy the 
lowest potent ia l -energy levels as the coefficient of stacking density 
increases .  This tendency is charac ter ized  by a steady loss of the 
ability to move relat ive to one another by the part icles  of the loose ma-  
terial.  

As a consequence of the loss of ability to move, the loose mater ia l  as a stat is t ical  aggregate  becomes 
degenerate.  The degeneracy is charac ter ized  by a t ransi t ion to solid proper t ies  in the loose mater ia l ,  i.e., 
f rom d isc re teness  to continuity. 

In view of this we may regard  the packing density as a charac te r i s t i c  of the mobility of the part icles  
in the aggregate.  The static cha rac te r i s t i c s  of some of the loose mater ia l  may therefore  be considered 
as constituting a degeneracy of the s tat is t ical  aggregate.  

Changes in the packing density of the part icles  may be of a local nature, not extending over the whole 
of the volume. 

This kind of density change is charac te r ized  by a local mobility of the part icles,  in which these lie 
outside any local change in packing density and remain  immobile. 

The considerable change in the packing density of the part icles  which occurs  over the whole volume 
is associated with the global mobility of the part icles ,  which is usually experienced when external forces  
act  upon the whole of the loose mater ia l .  

The foregoing proper t ies  of loose mater ia l  have their analogs in a whole ser ies  of existing stat is t ics.  
Under cer ta in  conditions we may therefore  use the analytical  apparatus developed for the stat is t ics  of 
loose mate r ia l s  in order  to secure  a theoret ical  general izat ion of the physical phenomena taking place in 
these. We must  r e m e m b e r  the capacity of these s tat is t ics  to become degenerate in par t icular  cases.  

Allowing for  the foregoing assumptions  regarding the propert ies  of loose mater ia l ,  we may now indi- 
cate its pa ramete r s  (Table 1). 

The foregoing pa ramete r s  constitute either pa ramete r s  of the solid phase (3, 4, 5), exerting the main 
influence on the state of the loose mater ia l ,  or else quantities which are  in nature variable (1, 2), varying 
within specific limits. The lat ter  determine the behavior of the loose mater ia l  as a d iscre te  stat is t ical  ag-  
gregate  (degenerate in statics). 

Like every stat is t ical  aggregate ,  loose mater ia l  possesses  specific propert ies .  Whereas  the prop-  
er t ies  of the phases constituting the loose mater ia l  a re  descr ibed by their  pa ramete r s ,  the proper t ies  of 
the loose mater ia l  as a whole a re  of a far  more  complicated nature. 

These proper t ies  a re  functions of both the pa ramete r s  of the phases and the pa ramete r s  of the s ta t i s -  
tical aggregate  

r = L~((x~ ) ,  < yj )). (2) 
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Fig. 2. Genera l  indication of the appara tus  used for  
de termining the speci f ic  adhesion. 

The main  p rope r t i e s  of loose m a t e r i a l s  requi red  for  eng inee r s '  calculat ions a r e  of a s t ruc tu ra l  
- m e c h a n i c a l ,  s t r e s s ,  and f r ic t ional  nature.  

The s t r u c t u r a l - m e c h a n i c a l  p rope r t i e s  of loose ma te r i a l  appear  in cases  in which the degree  of 
degeneracy  of the s ta t i s t ica l  aggrega te  is high. In this case  there  may be a l imit ing t rans i t ion  to the con-  
tinuous model of the loose medium.  The s t r u c t u r a l - m e c h a n i c a l  p rope r t i e s  will be descr ibed  by an equiv-  
alent  e las t ic  modulus and an equivalent  Po isson  coefficient.  

For  substant ia l  specif ic  p r e s s u r e s ,  the s t r u c t u r a l - m e c h a n i c a l  p rope r t i e s  of loose ma te r i a l  a r e  
desc r ibed  by quanti t ies  cha rac te r i z ing  the rheological  model  of Fig. 1. 

The fo rce  p rope r t i e s  c h a r a c t e r i z e  the t r ans f e r  of energy  in a closed volume containing the s ta t i s t ica l  
aggrega te  of loose par t ic les .  

These  p rope r t i e s  include the prac t ica l ly  es tabl ished concepts  of-" a) the ve r t i ca l  p r e s s u r e  in the 
loose ma te r i a l ;  b) the hor izontal  p r e s s u r e  in the loose ma te r i a l ;  c) the ve r t i ca l  p r e s s u r e  on the bot tom of the 
vesse l ;  d) the horizontal  p r e s s u r e  on the walls  of the vesse l ;  e) su r faces  of equal p r e s s u r e ;  f) coefficients 
of l a te ra l  thrust .  

The c h a r a c t e r  of energy t r a n s f e r  in loose ma te r i a l  is  l a rge ly  de te rmined  by the f r ic t ional  and ad -  
hesive fo rces  a t  the contacts  between its  par t ic les .  The s a m e  fo rces  de te rmine  the behavior  of the loose 
m a t e r i a l  in the s ta te  in which the packing density changes f r o m  a ce r ta in  m a x i m u m  value Kmax to a min i -  
mum Kmi n. These  p rope r t i e s  of loose m a t e r i a l  may  a r b i t r a r i l y  be called f r ic t ional i  they a r e  de te rmined  
by the angle of natural  inclination or angle of in terna l  f r ic t ion  a t  the su r face  of the loose ma te r i a l ,  the 
shea r  r e s i s t a n c e  of one l ayer  of loose m a t e r i a l  re la t ive  to another ,  and the shea r  r e s i s t a n c e  of the loose 
m a t e r i a l  r e l a t ive  to the bounding sur face .  

The las t  two coefficients  a r e  complex quanti t ies.  Fo r  each specif ic  loose ma te r i a l ,  under ce r ta in  
conditions, these  may be reso lved  into components:  1) coeff icients  of f r ic t ion  (internal,  external) ;  2) rupture  
r e s i s t a n c e  (within the layer  or  between the layer  and the wall); 3) l imit ing shear  r e s i s t ance  (layer on l ayer  
or  l ayer  on wall). 

On the bas i s  of the foregoing cons idera t ions ,  the  effect  of packing density on the physicomechanica l  
p rope r t i e s  of loose m a t e r i a l  acqu i res  a f i r s t - o r d e r  significance.  The m o s t  c o r r e c t  approach  to explaining 
the effect  of packing densi ty on the physicomechanical  p rope r t i e s  of the m a t e r i a l  is that of consider ing the 
loose medium as a d i sc re t e  s ta t i s t i ca l  aggregate .  

For  a l l  s ta t i s t i ca l  s y s t e m s  known at  the p resen t  t ime,  the Gibbs dis t r ibut ion (2), defining the p rob-  
abil i ty of finding a s u b s y s t e m  of pa r t i c les  in a ce r ta in  equi l ibr ium s ta te  with energy  En, holds true.  This 
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Fig. 3. Dependence of the specific adhesion T-10  2 N / m  2 on the pack- 
ing-densi ty coefficient K for oxidized iron ore with a fractional  com-  
position of 0-1 ram. 

Fig. 4. Dependence of In (T - T o) on 1/11. 

relat ionship is determined by the well-known equation 

c % ~ C e x p ( - - E ' ~ )  " I I  , (3) 

Relating the energy of the par t ic les  in the stat is t ical  aggregate  to their degree of mobility, we may 
assume that in the loose medium the packing density of its part icles will affect their mobility in the same 
way as temperature .  The packing density may in fact be considered a s  a stat is t ical  quantity appearing as 
a resul t  of purely s tat is t ical  laws and in general  having no meaning if applied to nonmacroscopic  systems.  

Whereas  a t empera ture  may be considered as lying within the range (0, ~) the packing density K of  a 
loose medium exists in the range (Kmax, Kmin). The mobility of the par t ic les  e var ies  over the range (0, 
emax). In o rder  to complete the analogy between T and K, we must  introduce a [ l -c r i t e r ion  as proposed 
by Platonov [3]: 

K - -  K ~ i .  17 (4) 
K~,x - -  K 

The H-c r i t e r ion  var ies  over the range (0, o0) as K var ies  over the range (Kmin, Kmax). In this c a s e  
for  a s tat is t ical  aggregate  of loose mater ia l  Eq. (3) takes the form 

Starting f rom the Gibbs distribution, we may a s s e r t  that the probability of finding a part icle in the 
state bk, and hence the average  number of part icles  n k in this state, will be proportional  to exp (-bk/11), 
i .e. ,  

Any quantity charae ter iz ing  the state of the loose mater ia l  ~ will be proportional to the number of 
par t ic les  nk, and we may thus wri te  

• 2 1 5  b-~-). (7) 

H e r e u 0 c o r r e s p o n d s  to II --  ~ and K = Kmi n. 

Equation (7), describing the manner  in which the proper t ies  of loose mater ia l  depend on the packing 
density of their par t ic les ,  was verified by determining the rupture res i s tance  of connected loose mater ia l s  
as a function of their  packing density. For  this case Eq. (7) is wri t ten in the form 

T =  To +(Tm~x--To)exp[-- bk ~. (8) 
k 1I / 
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The investigation was car r ied  out in a special  experimental  apparatus i l lustrated schematical ly  in 
Fig. 2. 

The apparatus consists  of the following parts:  the left-hand haK-pan 1, fixed f i rmly to the base, the 
r ight-hand half-pan 2, which is movable and is suspended on two pr i sms,  which res t  on the agate supports 
4. The supports a re  fixed to the base. The pan 2 is rigidly fixed to the pr i sms 3 by means of the couplings 
5. The suspension axis of the right-hand half-pan lies in the plane dividing the half-pans A - A. The dis-  
tance between the line of the suspension and ttle half-pans is ve ry  significant. The half-pan 2 moves along 
the a rc  of a c i rc le  with a center  lying on the line of the suspension; hence the g rea te r  the distance between 
the line of the suspension and the half-pans the smal ler  will the curvature  be in the t ra jec tory  represent ing 
the motion of the half-pan 2. The line of the suspension should therefore  be as high as possible. The 
filament 6 is joined to the r ight-hand half-pan 2 and passed over a pulley 7. The pulley 7 res t s  (via the 
p r i sms  8) on the agate supports 9, which a re  fixed to the base of the apparatus.  The axis of the pulley 
coincides with the line of contact between the pr i sms 8 and the supports 9. In order  to ensure that the pul- 
ley should be in a state of neutral  equilibrium, a load 10 is fixed below the pulley. 

To the second end of the fi lament a suspension 11 is fixed; this se rves  for loading the system. In 
order  to avoid slipping of the fi lament 6 along 7, it is rigidly fixed to the pulley at point 12. 

The experiment is ca r r ied  out in the following order .  Before the experiment the apparatus is cal i -  
brated by determining the force  which has to be applied to the suspension 11 in order  to remove the half-pan 
2 f rom its place. Since the center  of gravity of the half-pan 2 lies outside the plane of the suspension A - A, 
a moment develops, press ing it toward the half-pan 1 with a cer ta in  force,  the value of which is de te r -  
mined in the calibration. 

Then the inside 13 of the half-pans 1 and 2 is filled with finely dispersed loose test  mater ia l  having 
a specified packing density. 

In order  to avoid motion of the half-pan 2 while the loose mater ia l  is being poured into it, it is fixed 
tightly to the half-pan 1 during this period. After filling with the mater ia l ,  half-pan 2 is carefully re leased 
f rom its coupling with half-pan 1. Then the suspension 11 is smoothly loaded, and f rom the force required 
to separate  the half-pans f rom one another the rupture res i s tance  is determined. This apparatus enables 
adhesions of the order  of l0 s N / m  3 to be measured.  

The experiments  were car r ied  out with oxidized i ron ore f rom the Krivorog basin with a granulo-  
met r ic  composit ion of 0-6 mm and a 6.5% humidity. In order  to crea te  different packing densities,  be-  
fore  each experiment the samples were compressed  with a normal  p ressu re  of up to 1.5 �9 104 N / m  2. Ex-  
perimental  data relat ing to the dependence of the rupture res i s tance  on the packing density a re  presented 

in Fig. 3. 

We see f rom Fig. 3 that, for low packing densities,  the rupture res i s tance  is insignificant; with 
increasing packing densities it increases  rapidly. In calculating the c r i te r ion  II, we considered, in a c -  
cordance with [3], that Kma x = 0.8; Kmi n was found by direct  experiment.  The value of T corresponding to 
Kmi n was taken as T o in accordance  with (6). Figure 4 shows the experimental  relationship [ln (T - To); 1]]. 
We see f rom the figure that the experimental  points lie accura te ly  on a s traight  line, the slope of which 
gives the value of b in (6). The point of in tersect ion of the s traight  line with the ver t ical  axis determines  
the ordinate equal to In [Tma x - To]. The fact  that the experimental  points of the T(K) relationship in coor -  
dinates of [In (T - To); 1 / I l l  lie on a s t ra ight  line indicates the co r rec tness  of the stat is t ical  approach in 
studying the physicomechanical  proper t ies  of loose mater ia ls .  

Later  it is proposed to ver i fy  Eq. (7) for a number of other proper t ies  of the loose mater ia l  (internal 

and external fr ict ion,  etc.). 

N O T A T I O N  

Al is the change in linear dimension; 
Ap iS the change in specific p ressure ;  
A is the constant; 
L i is the operator  depending on the parameters  of the loose aggregate  x i and the phase pa ramete r s  Yi; 
T is the temperature ,  the principal thermodynamic quantity determining the energy of the part icles in 

the stat is t ical  aggregate;  
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N 
To 
Tmax 

1, 

2. 
3. 

is the dimensionless parameter characterizing the potential barrier preventing the disruption of 
the equilibrium state of the loose particles; 
is the constant determining the normalization conditions; 
is the total number of loose particles; 

is the rupture resistance at K = Kmin; 
is the rupture resistance at K = Kma x. 
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